ABSTRACT. We apply the concept of generalized MV-algebra (GMV-algebra, for short) in the sense defined and studied by Galatos and Tsinakis. We introduce the notion of isometry of a GMV-algebra; we investigate the relations between isometries and direct product decompositions of GMV-algebras. Using these relations we show that if a GMV-algebra M has a greatest element, then each isometry of M is idempotent.
Isometries on abelian lattice ordered groups were studied by Swamy [21] , [22] and Powell [18] ; for the non-abelian case, cf. Holland [6] and the author [7] , [8] .
Isometries of some types of partially ordered groups were dealt with by Rachůnek [20] , Jasem [13] , Kolibiar and the author [12] .
Isometries on MV-algebras were investigated by the author [7] ; for the case of pseudo MV-algebras, cf. the author [9] and Jasem [17] (in [9] , the term 'generalized MV-algebra' was used in accordance with [20] ).
Jasem studied weak isometries of dually residuated lattice ordered semigroups ( [13] ) and of partially ordered groups ( [14] , [15] ).
We recall that by dealing with isometries of a pseudo MV-algebra A we applied the function
ρ(x, y) = (x ∨ y) − (x ∧ y)
where x and y are elements of the underlying set M of M . (Cf. [10] .)
If we now take a GMV-algebra M instead of A, then we have to apply the multiplicative notion; but, in general, (x ∨ y)(x ∧ y) −1 need not exist in M . On the other hand, (x ∧ y)(x ∨ y) −1 always does exist in M . Therefore we will deal with the function ρ 1 (x, y) = (x ∧ y)(x ∨ y) −1 where x, y ∈ M .
A bijection f : M → M will be defined to be an isometry of M if the relation
is valid for each x, y ∈ M .
Let f be an isometry of a GMV-algebra M . We denote by M 1 and M 2 the set of all intervals [p, q] of the underlying lattice (M ) of M such that f (p) f (q) (or f (p) f (q), respectively).
We prove the following result:
There exists a unique internal direct product decomposition M = M Further, we investigate isometries of GMV-algebras M such that the lattice (M ) has a greatest element. We show that in this case we have f (f (x)) = x for each isometry f of M .
ISOMETRIES AND DIRECT PRODUCT DECOMPOSITIONS OF GMV-ALGEBRAS

Preliminaries
If A is any algebra then the underlying set of A will be denoted by A. For lattice ordered groups we apply the notation as in Birkhoff [1] . The basic source on MV-algebras is the monograph [2] by Cignoli, D'Ottaviano and Mundici. For pseudo MV-algebras, cf. Georgescu and Iorgulescu [4] , [5] , and Rachůnek [20] .
For the sake of completeness, we recall the basic definitions concerning generalized M V -algebras (cf. [3] , [11] ).
A residuated lattice is an algebra L = (L; ∧, ∨, ·, \, /, e) of type (2, 2, 2, 2, 2, 0) such that (L; ∧, ∨) is a lattice, (L; ·, e) is a monoid and for each x, y, z ∈ L,
The negative cone of a residuated lattice L is an algebra
Then L − is a residuated lattice as well.
A generalized M V -algebra (GM V -algebra, in short) is a residuated lattice satisfying the identities
We describe two particular types of GMV-algebras. Let G = (G; ∧, ∨, ·, e) be a lattice ordered group. For x, y ∈ G we put x\y = x −1 y, y/x = yx −1 . Then the algebra G * = (G; ∧, ∨, ·, /, \, e) turns out to be a GMV-algebra.
Therefore each lattice ordered group can be considered as a particular case of a GMV-algebra (this is in accordance with the terminology from [3] ).
Let G 1 be a lattice ordered group (we apply analogous notation as above). Let L γ be a filter of the lattice (G
If M is a GMV-algebra with M = {e}, then it is said to be a zero GMV-algebra. An analogous terminology will be applied for lattice ordered groups.
The direct product of two GMV-algebras is defined in the usual way. Let B and C be subalgebras of a GMV-algebra M . For x ∈ B and y ∈ C put f (x, y) = x · y. Assume that f is an isomorphism of the direct product B × C onto M . Then M will be said to be the internal direct product of B and C; we express this fact by writing M = B ⊗ C. The algebras B and C are called internal direct factors of M .
We remark that in [3] a slightly different terminology has been applied; instead of 'internal direct product' and 'internal direct factor' the terms 'direct sum' and 'direct summand' were used.
It is easy to verify that for any GMV-algebras B and C there exist GMV-algebras M , B 1 and C 1 such that
Ì ÓÖ Ñ 2.1º (Cf. [3] .) Let M be a GMV-algebra. Then there exist a pair (G, G 1 ) of lattice ordered groups and a GMV-algebra L γ such that (i) the relation between G 1 and L γ is as above;
We also remark that the GMV-algebras G * and L γ are uniquely determined.
Using Theorem 2.1, we can point out to some essential differences between pseudo M V -algebras and GM V -algebras. Let M and A be a GM V -algebra or a pseudo M V -algebra, respectively. Assume that both M and A have more than one element. Let (M ) and (A) be the underlying lattice of M and of A, respectively. For M , we apply the notation as in Theorem 2.1; then either G or L γ has more than one element. In the first case, (M ) fails to be isomorphic to (A), since (M ) is not bounded and (A) is bounded. If G is a one-element set, then M = L γ . In this case, (M ) can be isomorphic to (A); but M possesses a one-element subalgebra, while A has no one-element subalgebra.
ÈÖÓÔÓ× Ø ÓÒ 2.2º (Cf. [11] .) Let M be a GMV-algebra. Then there exist a pair (G, G 1 ) of lattice ordered groups and a GMV-algebra L γ such that the conditions (i), (ii) from Theorem 2.1 are satisfied and, moreover, the following condition is valid:
Below, when quoting Theorem 2.1, we always assume that the condition (iii) from Proposition 2.2 is satisfied.
Assume that M is a GMV-algebra; let G, G 1 and L γ be as in Theorem 2.1. There exists a lattice ordered group H such that H is an internal direct product of lattice ordered groups G and G 1 . In such a case we write H = G ⊗ G 1 . Thus M is a subset of H.
If x and y are elements of M , then xy
Ä ÑÑ 2.3º Let M be a GMV-algebra and let x, y ∈ M , x y. Then xy
In view of the direct product decomposition of M described in Theorem 2.1 it suffices to consider the cases when either x, y ∈ G or x, y ∈ L γ . Since G is a lattice ordered group, the first case is obvious. Let x, t ∈ L γ . Then there is z ∈ G 1 such that xy −1 = z. Thus x z e and hence z ∈ L γ .
Swamy [18] defined an isometry in an abelian lattice ordered group G to be a bijection f :
This definition can be applied for non-abelian lattice ordered groups as well.
In [8] it was proved that for each isometry f on a lattice ordered gropup G we have
For any lattice ordered group G,
Thus the condition (1) can be written in the form
This is equivalent with
Let us now deal with GMV-algebras. Then we look at (1)-(1") as written in a multiplicative notation. Since x ∨ y x ∧ y, the expressions from (1') need not exist in a GMV-algebra M . On the other hand, Lemma 2.3 shows that the expressions from (1") do exist in M . This is the reason for defining a bijection f : M → M to be an isometry of M if the condition (1") is satisfied. In the multiplicative notation, we write it in the form
Hence if we deal with isometries on GMV-algebras then instead of |x − y| we apply the function
Now we can ask whether the condition (2) is valid for each isometry f of M . It turns out that the methods used in [8] (with the slight modification that instead of |x − y| the function ρ 1 (x, y) is applied) remain valid for the case of GMV-algebras. Thus we have:
Auxiliary results
In this section we assume that M is a GMV-algebra and that f is an isometry of M . The underlying lattice of M will be denoted by (M ). We recall that the lattice (M ) is distributive. We will apply Proposition 2.4 without quotation.
Let M 1 and M 2 be the system of all intervals
We obviously have:
P r o o f. We put
An analogous result is valid in the case when
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Analogously we obtain:
Hence
Analogously we have: Analogously we have:
The assertion dual to Lemma 3.8 is also valid, and analogously for Lemma 3.9.
Analogously we have: 
The assertion dual to Lemma 3.12, or to Lemma 3.13, respectively, is also valid.
The relations ρ 1 and ρ 2
Assume that M , M 1 , M 2 and f have the same meanings as in Section 3. Analogously we define the relation xρ 2 y (using the system M 2 instead of M 1 ). We obviously have p x ∧ w and q z ∧ w. Therefore
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Thus we obtain x ρ 2 w and w ρ 1 z.
Let Con (M ) be the system of all congruences of the lattice (M ); this system is partially ordered in the usual way. We denote by ρ min and ρ max the least element or the greatest element of Con (M ), respectively.
Ä ÑÑ 4.4º We have
] be any interval of (M ). In view of Lemma 3.2 we conclude that
For x ∈ M and ρ ∈ Con (M ) we put
the system of all congruence classes ρ(x) (where x runs over the set M ) is the underlying set of the corresponding quotient lattice (M )/ρ which is defined in the usual manner.
For each x ∈ M we put ϕ(x) = (ρ 1 (x), ρ 2 (x)). Let us recall the notion of internal direct product decomposition and internal direct factor of a lattice (cf., e.g., [14] ).
ÈÖÓÔÓ× Ø ÓÒ 4.5º The mapping ϕ is an isomorphism of the lattice
Let L, L 1 and L 2 be lattices.
If x ∈ L and ϕ(x) = (x 1 , x 2 ), then we write also
We take a fixed element x 0 of L; let ϕ(x 0 ) = (x 01 , x 02 ). We put
We denote
and we say that (1) is an internal direct product decomposition of L with respect to the element x 0 ; the lattices L 1 and L 2 are internal direct factors of L (with respect to x 0 ). Now let M be as above; we put (M ) = L. Further, applying the notation as in Proposition 4.5 we set
We take x 0 = e and let L 1 , L 2 be as above. Then L 1 and L 2 are internal direct factors of L and the relation (1) is valid.
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Due to the construction of L 1 we have
Analogously we get:
Since L 2 is an internal direct factor of the lattice (M ), according to [11, Theorem 6 .1] we conclude that there exists an internal direct factor of M whose underlying lattice is L 2 ; in view of ( * 2 ) we will denote this direct factor of M by the symbol M According to [11, Corollary 4.3] any two internal direct product decompositions of a GMV-algebra have a common refinement. Consider the internal direct product decompositions of M dealt with in Theorem 2.1 and in Theorem 4.6. Thus we have: ÈÖÓÔÓ× Ø ÓÒ 4.8º Let M be a GMV-algebra and let f be an isometry of M .
We apply the notation as above. There exist direct factors
(v) all intervals of (M 21 ) and of (M 22 ) belong to M 2 .
GMV-algebra having the greatest element
In this section we apply the notation as in Theorem 2.1. Further, let M 1 and M 2 be as in Section 3.
From Theorem 2.1 we immediately obtain that for a GMV-algebra M the following conditions are equivalent:
(i) the lattice (M ) has a greatest element; (ii) G = {e};
The aim of the present section is to investigate isometries of the GMV-algebra L γ .
Let us also remark that the system of isometries of the GMV-algebra G * is identical with the system of isometries of the lattice ordered group G; for this system, cf. Holland [6] .
Let f be an isometry of L γ . Put f −1 (e) = a.
Let L 1 and L 2 be as in Section 4. The above results yield that
Hence For each x ∈ L γ we put g(x) = f (f (x)). Then g is an isometry on L γ . In view of Corollary 5.2 we have f (e) = a, whence
thus g −1 (e) = e. According to Proposition 5.3 we obtain:
If f is an isometry on a GMV-algebra M , then the internal direct product decomposition mentioned in Theorem 4.6 is said to be generated by the isometry f . The question arises whether each two-factor internal direct product decomposition on M is generated by some isometry of M . The following example shows that the answer is negative.
Example. Let Z be the additive group of all integers with the natural linear order and let G 1 = Z × Z. Further, let L γ be the negative cone of G 1 and let L γ be as in Section 2. It is obvious that the GMV-algebra L γ can be represented as an internal direct product A 1 × A 2 where both A 1 and A 2 are such that the lattice (A i ) is isomorphic to the negative cone of Z. But in view of Corollary 5.2, if a two-factor internal direct product decomposition of L γ is generated by some isometry on L γ , then at least one of the factors has the least element; in our case, neither A 1 nor A 2 possesses the least element.
On relations between isometries of G * , L γ and M
Assume that M is a GMV-algebra and let us apply the notation from Theorem 2.1. If x ∈ M , then x 1 and x 2 denote the component of x in G * or in L γ , respectively, i.e., (1) we obtain x 1 = y 1 .
For each x ∈ M we put f 1 (x 1 ) = x 1 , where x 1 = (f (x)) 1 . Then in view of Lemma 6.2, f 1 is a correctly defined mapping of the set G into G.
In view of the definition of f 1 we immediately obtain:
Ä ÑÑ 6.3º The mapping f 1 belongs to I(G * ).
Similarly, for each x ∈ M we set f 2 (x 2 ) = x 2 , where x 2 = (f (x)) 2 . Then f 2 is a correctly defined mapping of the set L γ into L γ ; analogously as in Lemma 6. In view of (2) we have also (f (x)) 1 = f 1 (x 1 ), (f (x 2 )) 2 = f 2 (x 2 ).
Thus h 1 (x 1 ) = f 1 (x 1 ), h 2 (x 2 ) = f 2 (x 2 ). Therefore h 1 = f 1 and h 2 = f 2 .
For each f ∈ I(M ) we put ψ(f ) = (f 1 , f 2 ). Then in view of Lemma 6.1 and Lemmas 6.3-6.5 we obtain:
